Coordinates with respect to a basis

Given a vector w in R” and a basis B = {vj,..., Vp} of R”, the
coordinates of w with respect to B (or the B-coordinates of w) are
a
Wlg=| : | where w= a1V + -+ anp.
an

Five increasingly tricky problems:

@ Given w in B-coordinates, find w in standard coordinates.
© Given w in standard coordinates, find w in B-coordinates.
© Given w in B;-coordinates, find w in By-coordinates.

© Given alinear operator T : R" — R”, find the matrix for T which
inputs and outputs in B-coordinates.

©@ Given the matrix for T in B;-coordinates, find the matrix for T in
Bs>-coordinates.
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@ Given w in B-coordinates, find w in standard coordinates.
Plug into w = a;Vj + - - - + anV,, and simplify.
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@ Given w in B-coordinates, find w in standard coordinates.
Plug into w = a;Vj + - - - + anV,, and simplify.

@ Given w in standard coordinates, find w in B-coordinates.
Solve w = ayVy + --- + apVp for ay, ..., an.
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@ Given w in B-coordinates, find w in standard coordinates.
Plug into w = a;Vj + - - - + anV,, and simplify.

@ Given w in standard coordinates, find w in B-coordinates.
Solve w = ayVy + --- + apVp for ay, ..., an.

© Given w in B;-coordinates, find w in Bo-coordinates.
Find B-coordinates for the vectors in By, and plug into
W:a1V1 ++anVn

The general formula is [W]g, = [[Vi]g,[V2ls, - - - [VAls, ] [W]B, -
The matrix [[Vi]p,[V2ls, - - - [Va]s,] is the transition matrix or
change of coordinates matrix Pp, _,, from By to Bo.

We can find Ppg, _, g, by reducing [Bz|Bs] to obtain [I,|Pg,_,B,]-

T(X) = [X]g is an invertible linear operator, and (Pg, .g,) " = Pg, 5, -
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© Given alinear operator T : R" — R”, find the matrix for T which
inputs and outputs in B-coordinates.
In other words, find the matrix [ T]g which inputs [X]g and outputs

[T(X)]s-

[Tls = ([T(V)la[T(V2)lg- - [T(Vn)lsl
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© Given alinear operator T : R" — R”, find the matrix for T which
inputs and outputs in B-coordinates.
In other words, find the matrix [ T]g which inputs [X]g and outputs

[T(X)]s-
[Tls = ([T(V)la[T(V2)lg- - [T(Vn)lsl

©@ Given the matrix for T in By-coordinates, find the matrix for T in
B>-coordinates.
In other words, given [T]g, find [T],, the matrix that inputs [X]g,
and outputs [T(X)]s,-

We know PB1~>BQ[X]B1 = [}]32.
So we convert [X]g, to [X]g,, then to [T(X)]g,, then to [T(X)]s,:

[T, = P,—~8,[T]8,PB,—8
[T]Bg = PB1*>B2[T]B1(PB1*>B2)71
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