Groups and Fields: Solutions
1. Do the even numbers form a group with addition?  Explain.

Yes.  They are closed since and even + an even = an even.  Addition is associative on the even numbers.  If b is an even number, than so too is –b.  Thus each element has an additive inverse.  Zero, the additive identity, is an even number.  Thus, but definition of a group, the even numbers with addition forms a group.

2. Do the even numbers form a group under multiplication? Explain.


No.  There is no multiplicative identity element for the even numbers. 

3. Do the even numbers form a field with addition and multiplication?  Explain.

No.  For the even numbers to form an field, there would have to be a multiplicative identity element, which we found there was not in problem 2.

4. Do the odd numbers form a field with addition and multiplication?  Explain.

No.  There is no additive identity for addition on the odd numbers.  Thus, they don’t form a field with addition and multiplication.

5. Given the following tables for the operation of ( and ( on the set {(, (, O}, 

     is {(, (, O} with ( and ( a field?  Explain.
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From the above tables we see that both ( and ( are commutative, associative, and closed on the set {(, (, O}.  ( is the ( identity and O is the ( identity.  Every element has a ( inverse (( is its own ( inverse, ( and ( are ( inverses).  Every element other than ( has a ( inverse (( is its own ( inverse as is ().  Since ( is the ( identity, the lack of a ( inverse for ( does not stop the set with ( and ( from being a field.  It remains to check that ( distributes over (.  Trying out a few examples, we see that it does distribute ((((((() = (((() = ( = ((( = ((((((().  Thus, the set {(, (, O} with ( and ( forms a field.

6. Given the following table describing the operation ( on 

    the set{i, a, b, c, d, }
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Does the set {i, a, b, c, d} form an Albelian group with (? Explain.


If not, does the set {i, a, b, c, d} form a group with (? Explain.

Yes.  From the table we can see that the set {i, a, b, c, d} is closed under the operation of (.  Furthermore, i ( x = x ( i = x, for x = any element of the set {i, a, b, c, d}.  Thus, i is the ( identity.  Every element has a ( inverse (since i ( i = i, a ( b = b ( a = i, c ( d = d ( c = i).  We note that ( is associative on the set, since x((y(z) = (x(y) (z for all x, y, z in the set {i, a, b, c, d}.  Thus the set {i, a, b, c, d} and the operation ( form a group.  Since the operation ( is also commutative on this set, this group is actually an Albelian group.

7. Given the following table describing the action of the operation (
     on the set {i, a, b, c, d, e}
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Does the set {i, a, b, c, d, e} form an Albelian group with (? Explain.


Does the set {i, a, b, c, d, e} form a group with (? Explain.

The set clearly does not form an Albelian group as a ( i = e, but i ( a = c.  Thus the operation ( is not commutative on the set.  The set may still form a group with (.  We need to check for closure, associativity, ( identity, and ( inverses.  Form the table we see the set is clearly closed under (.  From the table we find that there is no element in the set, which acts as the identity element under (.  Thus, the set with ( does not form a group.

