Modular Arithmetic & Modular Groups: Solutions
1. Fill in the following tables describing addition and multiplication on the mod 3 system.

	+
	0
	1
	2

	0
	0
	1
	2

	1
	1
	2
	0

	2
	2
	0
	1


	*
	0
	1
	2

	0
	0
	0
	0

	1
	0
	1
	2

	2
	0
	2
	1


Note:  Every entry in the table should be a number between 0 and 2.  For example 2+2 = 1 in the mod 3 system since 2+2 = 4 = 1 (mod 3) (Since the remainder when dividing 4 by 3 is 1, or equivalently, (4-1) is divisible by 3).

2. Using your answer to problem 1, determine whether or not the mod 3 system with addition and multiplication forms a field. Explain your answer.

From the above tables we see that both modular * and + are associative and commutative on the mod 3 system.  The mod 3 system is closed under both modular * and +.  Furthermore, 0 acts as the additive identity under mod 3 addition, and 1 acts as the multiplicative identity under mod 3 multiplication.  Each element has an additive inverse in the mod 3 system (0 is its own additive inverse, 1 and 2 are additive inverses of each other).  1 and 2 are their own multiplicative inverses since 1*1 = 2*2 = 1, which is the multiplicative identity.  0 does not have a multiplicative inverse since there is no element x in the set such that x*0=1.  However, this is not a problem since 0 is the additive identity element.  Thus, for the definition of a field to hold, 0 need not have a multiplicative inverse.  Trying out a few examples, we are able to convince ourselves that * distributes over +.  Thus, the mod 3 system with modular addition and multiplication does form a field.

3. Fill in the following tables describing addition and multiplication on the mod 4 system.

	+
	0
	1
	2
	3

	0
	0
	1
	2
	3

	1
	1
	2
	3
	0

	2
	2
	3
	0
	1

	3
	3
	0
	1
	2


	*
	0
	1
	2
	3

	0
	0
	0
	0
	0

	1
	0
	1
	2
	3

	2
	0
	2
	0
	2

	3
	0
	3
	2
	1


4. Using your answer to problem 1, determine whether or not the mod 4 system with addition and multiplication forms a field.  Explain your answer

No.  The element 2 does not have a multiplicative inverse.  From the * table, we can see 1 is the multiplicative identity.  Thus, if 2 had a multiplicative inverse, there would be some element in the mod 4 system such that 2* this element = 1.  From the table we see there is no such element.  2 is not the additive identity.  Thus, not all elements other than the additive identity have multiplicative inverses.  The mod 4 system with addition and multiplication does not form a field.

5. For which m does mod m form a field?  See lecture notes for hints.  

Since only those numbers relatively prime to m have multiplicative inverses in the mod m system, it follows that only mod m systems, where m is a prime number, will form fields.

6. Determine whether the following statements are true.

a. 1,996 = 0 (mod 1996)

True: (1,996-0) is divisilbe by 1996.  Equivalently, the remainder upon dividing 1996 and 0 by 1996 is the same (namely 0 in both cases).

b. 246 = 150 (mod 6)

True: (246 – 150) is divisible by 6.  Equivalently, the remainder upon dividing 246 by 6 equals the remainder of 150 divided by 6.

c. 5 + 8 = 1 (mod 6)

True.  5+8 = 13.  (13 – 1) is divisible by 6.  Equivalently, the remainder upon dividing 13 by 6 is 1 which equals the reminder of dividing 1 by 6.

d. 4 + 5 = 1 (mod 7)

False: 4+5 = 9.  (9-1) is not divisible by 7.  Equivalently, the remainder of dividing 9 by 7 is 2.  The remainder from dividing 1 by 7 is 1.  Thus the remainders upon dividing by 7 are not equal.

7. Perform the following operations 

a. 4*3 (mod 5) 
(Give your answer as a number between 0 and 4)

4*3 = 12 = 2 (mod 5)

b. 2/3 (mod 7)

(Give your answer as a number between 7 and 13)

We can’t directly divided 2 by 3.  But we know 2 = 9 (mod 7).  Thus 2/3 = 9/3 = 3 (mod 7).  But 3 isn’t a number between 7 and 13.  We know however that 3 = 10 (mod 7).  Thus the answer is 2/3 = 10 (mod 7).

8. Solve each equation for x.  Assume k is any natural number.  You only need to find one possible value for x.

a. 5x = 2 (mod 7)

We observe 5*6 = 30 = 2 (mod 7).  Thus 6 is one possible answer.  Other possible answers include 13, -1, 20, 27, etc.

b. 7x + 1 = 3 (mod 11)

7x + 1 = 3 (mod 11)

7x = 2 (mod 11)
We observe that 7*5 = 35 = 2 (mod 11) (since 35 – 2 is divisible by 11).  Thus, 5 is one possible answer.  Other answers include, 16, 27, 38, -6, etc.

c. x2 = 1 (mod 5)

We observe that 42 = 16 = 1 (mod 5).  Thus, 4 is one possible answer.  62 = 36 = 1 (mod 5), thus 6 is another possible answer.

d. 4/6 = x (mod 13)

4/6 = 2/3 = x (mod 13).  We can’t directly divide 2 by 3, but we know 2 = 15 (mod 13) since (2-15) = -13 which is divisible by 13.  Thus,

4/6 = 2/3 = 15/3 = 5 = x (mod 13).  Thus 5 is one possible answer.

9. Assume that today is a Friday (day 6).  Determine the day of the week it will be at the end of each of the following periods.  (Assume no leap years)

a. 30 days





b. 390 days


6 + 30 = 36 = 1 (mod 7)


6 + 390 = 396 = 4 (mod 7)

1 corresponds to SUNDAY


4 corresponds to WEDNESDAY


c. 195 days





d. 3 years

6 + 195 = 201 = 5 (mod 7)


3*365 + 6 = 1101 = 2 (mod 7)

THURSDAY




MONDAY

