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Lecture Notes: Groups & Fields

The idea of groups and fields is very important in advanced mathematics.  The structure of a group or a field is seen over and over again in mathematics and in the natural world.  By studying these abstract concepts, we can gain insight into many different things.  From the symmetry of a flower, to the energy levels of an atom, groups and fields describe some of the mot fundamental structures of the universe.

Definition: A set S, with an operation ( is a Group if the following properties are all true:

Let a, b, and c be any elements of S

1. S is closed under (
2. (a(b)(c = a((b(c), i.e. ( is associative on S

3. There exists and identity element, i ( S, such that i ( a = a ( i = a for all elements in S.

4. For each element a in S, there is an inverse (often denoted –a or a-1) such that a((-a) = (-a)(a = i

Definition: if S is a group with the operation (, and ( is commutative on S, then we say S and ( form an Albelian Group.

Examples:

1. Do the natural numbers with addition form a group?  No.  Not all natural numbers have additive inverses.  In fact, only 0 has an additive inverse.  Thus (N, +) does not form a group.

2. The integers with addition form a group.  As we’ve already seen, Z is closed under addition and all integers have additive inverses.  Furthermore, 0 is the additive identity and addition is associative and commutative on Z.  Thus, the integers with addition form an Albelian group.

	(
	a
	b
	c

	a
	c
	a
	b

	b
	a
	b
	c

	c
	c
	b
	a


3. The rationals and addition form an Albelian group.  (See the notes for Number Systems for more on this).

4. Given the following table, {a, b, c} and ( does not form a group.  There is no ( identity element in {a, b, c}.
Definition: A field is a set S with two operations, often called addition (+) and multiplication (x), with the following properties:

1. S is closed under both + and x

2. The operations + and x are both associative and commutative on S

3. There exists a + identity element, (we’ll call it e+) and a x identity element, (we’ll call it ex) such that b + e+ = e+ + b = b, and b x ex = ex x b = b for all elements b in S.

4. For each element in S, there is an additive inverse.  That is to say, for each b in S, there is a (-b) such that b + (-b) = (-b) + b = e+
5. For each element in S, except e+, there is a multiplicative inverse.  That is to say, for each b ( e+ there is a b-1 such that b x b-1 = b-1 x b = ex.

6. x is distributive over +

Note: The first 5 properties are equivalent to saying S and + form an Albelian group, and the set S without the additive identity element, with x form an Albelian group.  In other words, a field is basically a set that forms a commutative (or Albelian) group with two different operations, and one of those operations distributes over the other.

Examples:

1. Do the integers with addition and multiplication form a field?  No.  While the integers from an Albelian group under addition, the non-zero integers do not form an Albelian group under multiplication since there are not multiplicative inverses for all non-zero integers.

2. The rationals with addition and multiplication do form a field.   We’ve already seen that Q with addition is an Albelian group.  In addition, Q is closed under multiplication.  Multiplication is associative and commutative on Q.  1 is the multiplicative identity.  All non-zero rationals have a multiplicative inverse (namely, b/a is the inverse of a/b).  Thus the non-zero rationals form an Albelian group with multiplication.  And multiplication distributes over addition.  Thus the rationals with + and x form a group.

	*
	a
	b
	c
	d
	e

	a
	a
	a
	a
	a
	a

	b
	a
	b
	c
	d
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	c
	a
	c
	e
	b
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	d
	a
	d
	b
	e
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	e
	a
	e
	d
	c
	b


3. Given the following tables describing the action of ( and * on the set {a, b, c, d, e}, does {a, b, c, d, e} with ( and * form a field?

	(
	a
	b
	c
	d
	e

	a
	a
	b
	c
	d
	e

	b
	b
	c
	d
	e
	a

	c
	c
	d
	e
	a
	b

	d
	d
	e
	a
	b
	c

	e
	e
	a
	b
	c
	d


Yes.  All entries in both tables are in the set {a, b, c, d, e}, thus the set is closed under both operations.  Furthermore the ijth entry always equals the jitb entry.  So ( and * are both commutative on the set {a, b, c, d, e}.  Examining the tables you should be able to convince yourselves that the operations are also both associative.  We not that a ( a = a, a ( b = b, a ( c = c, a ( d = d, a ( e = e, and b* a = a, b* b = b, b * c = c, b * d = d, and b * e = e.  Thus both operations have identity elements.  In particular, a is the identity element for (, and b is the identity element form *.  Furthermore, a ( a = a, b ( e = a, and c ( d = a.  Thus all elements have ( inverses.  (This leads us to think that ( will be the additive operation for the set).  b * b = b, c * d = b, and e* e = b.  Thus, except for the ( identity element a, all elements have * inverses.  Examining the tables, we can see that * distributes over (.  Thus {a, b, c, d, e} with ( and * form a field.

