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Open Problems
1.Find an example of a graph which is not a(4, 2)-SI graph.

2. Is every(5, 2)-SI graph a(4, 2)-SI graph?

3.Which graphs are intersection graphs of affine subspaces ofR3?

4.Find a recognition algorithm for(3, 1)-SI graphs or other(d, e)-SI graphs.

5.Conjecture. A graphG is a (d, e)-SI graph if and only ifG is an (e + 2, e)-SI graph, for all
d ≥ e + 2.

Hierarchy of Classes of Subspace Intersection Graphs
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Theorem 7.A graphG is a (d, e)-SI graph if and only ifG is a (2e + 1, e)-SI graph, for all
d ≥ 2e + 1.

Proof sketch.Given a set ofe-spaces inR2e+1 representingG, we can easily add extra dimen-
sions to form a set ofe-spaces inRd representingG.
Conversely, suppose thatR is a set ofe-spaces inRd representingG. We consider the setP of all
projections ofR onto a(2e + 1)-dimensional subspace ofRd. Given twoe-spacesA andB in R,
almost every projection inP preserves their dimension and their intersection or non-intersection.
Since there are only finitely many pairs ofe-spaces inR, there exists a projection inP which
preserves all pairwise intersections or non-intersections inR.

Corollary. For d ≥ 3, G is a (d, 1)-SI graph if and only ifG is a (3, 1)-SI graph. ¤
Corollary. For d ≥ 5, G is a (d, 2)-SI graph if and only ifG is a (5, 2)-SI graph. ¤

Theorem 6.A graphG is a (d, d− 1)-SI graph if and only ifG is a complete multipartite graph,
for all d ≥ 2.

Proof sketch.Two (d−1)-dimensional subspaces ofRd are disjoint if and only if they are parallel.
So a graphG has a(d, d− 1)-SI representation if and only if it is partitionable into independent
sets of vertices, with edges between every pair of vertices in different sets. These are exactly the
multipartite graphs.

Corollary. G is a (d, d− 1)-SI graph if and only ifG is a (2, 1)-SI graph.

Theorem 5.Every finite graph is a(d, e)-SI graph for some positive integersd ande.

Proof sketch.SupposeG is a finite graph with verticesv1, . . ., vn. Let E = {e1, . . ., ek} be the
set of all potential edges ofG. We define the affine subspaceVi to be the set of all points inRk

with ani in coordinatep if and only if ep is a non-edge ofG incident tovi.
We claim thatR = {Vi} is a subspace intersection representation ofG in which the affine
subspacesVi might not have the same dimension. We first modify the setR by embeddingRk in
some larger spaceRj and using the extra dimensions to ensure that every subspace inR has the
same dimension.
We now prove thatR is an SI representation ofG. Given two verticesva andvb of G, if va ∼ vb,
then for each1 ≤ p ≤ k, eitherVa or Vb has points with any given value in theirpth coordinate,
so Va ∩ Vb 6= ∅. On the other hand, ifva 6∼ vb, andep = {va, vb}, then points inVa andVb
disagree in theirpth coordinate, soVa ∩ Vb = ∅.
SoR = {Vi} is a(d, e)-SI representation ofG, where(d, e) ≈ (n2, n2 − n).

A (4, 2)-SI graph that’s not a(d, 1)-SI graph
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Proposition 3.G2 is a (4, 2)-SI graph.

Proof.Here’s a(4, 2)-SI representation ofG2 (using planes inR4):

A : z = 1, w = 0 B : z = 2, w = 0 C : z = 3, w = 0

I : x = 1, y = z J : x = 1, y = −z K : x = 0, w = 0

We display a picture of this representation by showing the level setsw = 0 andw = 1.
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Proposition 4.G2 is not a(d, 1)-SI graph for anyd ≥ 2.

Proof.Suppose by way of contradiction that
R = {A,B,C, I, J,K} is a (d, 1)-SI represen-
tation ofG2 with lines inRd. The linesI andJ
intersect at some pointX. Since at most one of
the linesA, B, andC can intersectI andJ at
X, the remaining two lines (sayA andB) must
be in the plane determined byI andJ .
SoA andB must be parallel. But thenK must
also lie in this plane. SoK must intersect either
I or J , which is a contradiction.
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A (3, 1)-SI graph that’s not a(2, 1)-SI graph
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Proposition 1.G1 is a (3, 1)-SI graph.

Proof.Here’s a(3, 1)-SI representation ofG1
(using lines in space).
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Proposition 2.G1 is not a(2, 1)-SI graph.

Proof.In any (2, 1)-SI representation ofG1, linesA andB intersect, soC cannot be parallel to
both of them.

Containment Results

Separating Examples

Definitions: Subspace Intersection Graphs

An e-dimensional affine subspacein Rd is a set of points of the form

{v0 + a1v1 + · · · + aeve | a1, a2, . . . , ae ∈ R}

for fixed vectorsv0, v1, . . ., ve with v1, . . . ,ve linearly independent.
(For example, lines in the plane, or lines or planes in 3-space.)

A graph G is a (d, e)-subspace intersection graphor (d, e)-SI graph if there exists a set of
e-dimensional affine subspacesR in Rd and a one-to-one correspondence between vertices in
G and subspaces inR, such that two verticesv andw in G are adjacent if and only if their
corresponding subspaces intersect.

For a given graphG, if such a set of subspaces exists, it’s called a(d, e)-SI representationof G.
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