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MICHAEL J. DRINEN

Given a Zp-extension of number fields Koo /K and a Gg-module A w i

is ofree as a Zp-module we an define a elmer rou Koo . If A satisfies

ertain ordinariness onditions t en Ko is a ofinitel enerated otor-
sion -module. Int is a er westud t ee e tt at finite submodules of A
an aveont e -invariant of Ky . orea finite submodule A we
use t e Galois o omolo of to define an invariant w i is a lower
bound for Ky . en we define an invariant A t ator ani est e
information t at we et from all of t e finite A.

ese invariants will lead to an ele ant wa of ex lainin some reviousl
nown exam lesw eret e -invariantis ositiveandt e will rovide us wit
new inds of examn les w ere is ostive.
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Starting in the s asa astudied ¢ clotomic eldse tensivel . is
or asbasedonthestud o -e tensions. -e tension o a number
eld isan e tension 0 such that al is isomorphic

to the additive group . t is useul to thin o the -e tension as a

to ero elds

such that al . ver number eld has at least one
-e tension. t is a sub eld o here the s are roots o
unit and it is called the ¢ clotomic -e tension. t is possible or a
number eld to have other -e tensions.
asa a constructed a module over the ring rom the class
groups o the . stud ing the action o on this module he as
able to prove strong results about the -parts o the class numbers o the
e can associate ith an nitel generated torsion -module a
characteristic pol nomial . asa a noticed a connection bet een
this pol nomial and values o certain - unctions attached to . his
connection became no n as the main con ecture o asa a theor . n
Ma ur and iles proved this con ecture or the case
n the meantime Ma ur had ound a a to construct a -module
rom Selmer groups o an elliptic curve ith good ordinar reduction at
e as able to use in ormation about this -module to prove things
about the points on the elliptic curve in each o the . e also noticed a
connection bet een this -module and values o the asse- eil - unction
o the elliptic curve. hese parallels ith asa as results about class
groups have led to applications o asa as ideas to a ide variet o
situations and to a ver general ormulation o  asa a s main con ecture.
reenberg outlined a a to de ne a Selmer group associated ith an

-module hich is co nitel generated and co ree asa  -module and
satis es certain ordinariness conditions. his rst appeared in and
has since been re ned in man places.  his Selmer group is a co nitel

generated -module as such e can associate ith it a coran and a char-
acteristic pol nomial. e also attach t o invariants to : the -invariant
is the degree o the characteristic pol nomial or the Selmer group o
and the p-invariant is the po er o  dividing that characteristic pol no-
mial. he -invariant corresponds to the -coran o the Selmer group
and the p-invariant is related to the -torsion in particular p i and
onl i the -cotorsion subgroup o the Selmer group is in nite. oth

asa asstud o class groups and Ma ur s stud o elliptic curves can be
e plained in terms o these Selmer groups. n the case o elliptic curves
the module pla s the role o . he reader ma reer to or a
historical account o all o this. Section o this paper ill discuss this
general de nition o Selmer group.
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he purpose o this paper is to stud the e ect that nite submodules
o  can have on the p-invariant o
Computation led asa a to con ecture that in the class group case
0 or an . eeventuall ound a countere ample. he coun-
tere ample depended on special properties o the -e tension. he ¢ -
clotomic -e tension can not have these properties so the con ecture as
modi ed to u or the ¢ clotomic -e tension o an number eld
his has been proved in the case that is abelian over b Ferrero and
ashington see
n the case o elliptic curves Ma ur has ound e amples o elliptic curves
here the p-invariant o is positive even or the ¢ clotomic -
e tension. hese e amples come about hen has a nite -
submodule ith certain properties. never case e can per orm an isogen
on so that the resulting elliptic curve has no nite submodules that ould
ma e y positive. result b Perrin- iou tell us the e ect that isogen
has on p-invariants. his e ect is closel related to the properties o the
nite submodules in Ma ur s e amples. n general it is hoped that or the
¢ clotomic -e tension the p-invariant o  can be completel e plained
in terms o the nite submodules o

e ill ta e the idea that Ma ur used or his e amples and ma e it into

a precise condition on the nite submodules o a general alois module
. First e de ne an invariant associated ith a nite submodule
his is a lo er bound or the py-invariant o . hen to organi e the

in ormation that e get rom all o the submodules e de ne an invariant
as the ma imum over all nite submodules o . his

is the best lo er bound or the p-invariant that e can get b loo ing

at submodules. e ill sho that under the h potheses o Perrin- ious
theorem isogen hasthe samee ecton thatithasonpu . So under
these h potheses the di erence 7 is a constant. reenberg has
proved that W or certain special elliptic curves de ned over

this is in . he condition 7 sa s the p-invariant o
is completel e plained b the nite submodules o . e can also sho
that as long as the Selmer group is -cotorsion  is isogenous to an

ith . e ne that W then e ould no that
there is an  in the isogen class o hich has a  p-invariant.

n ortunatel i  is de ned over a number eld the situation is
more complicated. ivena  -module or hich e can de ne a Selmer
group and given a sub eld o ecande nea -module nd b
inducing  rom to . tturns out that the Selmer group or over

is usuall isomorphic to the Selmer group or nd over . n
submodule o  gives rise to a submodule nd o nd . suall

nd ill have more nite submodules than the ones induced rom nite

submoduleso . hesee tra nite submoduleso nd could have an
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e ect on the py-invariant o over . ota ethisinto account ere ne
our invariant . For each ede neane invariant to be
the ma imum o as runs over nite submodules o nd . e
sometimes rite instead o to ma e it clear that e are treating
as a -module and stud ing its Selmer group over . ecause
-submodules can be induced to  -submodules or
. hen is the biggest lo er bound or p that e can
get in this a . 1o the s behave the same a under isogen as
and 4 . e can per orm an isogen over to ma e
but i it happens that then the p-invariant
ill be positive or ever in the isogen class 0 . n some sense this
p-invariant can still be e plained in terms o submodules but the are no
submodules o some induced representation and not submoduleso . his
provides an interesting ne  ind o e ample o ho a positive p-invariant
can occur.
his paper deals ith ma ing these ideas precise. longthe a e ill
point out some applications to elliptic curves. Speci call given an elliptic
curve de ned over and a prime let be the representation o
de ned b its action on . e illsho in thispaperthati  has good
ordinar reduction at an odd prime and the image o isallo
then or all . n the other hand a simple observation
about the invariant ill sho thati  hasa nite submodule ith
then has a positive p-invariant. First o this provides a
nice a to thin about Ma ur s e amples o elliptic curves ith positive
p-invariants.  nother conse uence o this observation is that it ma es it

eas to nd elliptic curves de ned over number elds other than hich

have positive py-invariants. n act i is de ned over is onto and
then ever submodule satis es . husan

elliptic curve isogenous to  over ill have a positive p-invariant. t

is even possible to ma e the p-invariant as big as e ant b choosing a
su cientl large
subse uent paper ill loo more closel at the action o  alois on

elliptic curves to determine hat happens hen the image o is not all
o .t il turn out that under certain uite restrictive conditions
on the image o there can e ist a eld  such that

he subse uent paper ill alsoe amineho thetheor o this paper applies
to representations arising rom s mmetric po ers o elliptic curves.

For the general setup choose a prime let be a number eld and let
be a vector space o dimension on hich acts. iven a place
o) let be the decomposition group or a prime o over and
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let  be the corresponding inertia group. e must assume that the set o
primes o such that  acts non-triviall on is nite e call these
primes the rami ed primes o . et bea invariant lattice in
and let . esa that 1is ordinar at a prime i or ever
prime o above thereis a Iltration o invariant subspaces

such that:

2. or and or
acts on b

here is the homomorphism o to given b the action on
p . For each e choose a  and let .
o de ne a generali ed Selmer group or e need or each prime o
over a distinguished subspace such that or all
nce again or each o e choose a prime o  above
and let . is ordinar at all primes above then e can
ta e to be the step in the ltration. e can de ne a generali ed
Selmer group as long as there are distinguished subspaces but or
some results it is necessar that the subspaces come rom a ltration. Most
o the results in this paper appl to generali ed Selmer groups. ccasionall
e ill ma e anote arning the reader that a distinction has to be made
bet een ordinar and generali ed Selmer groups.

e ill also consider the vector space om and the
lattice om here lim px  and
e have the corresponding uotient . is ordi-

nar then is ordinar  ith Iltration de ned b .
is not ordinar at a prime above then e can de ne generali ed

Selmer groups or using .

For each e de ne to be the image o under the pro ection
onto . For an submodule o let as .

For the purpose o this paper the Selmer group or over an e tension

o ill be denoted b .t ill be de ned as the ernel o the
map:

his is not the most natural de nition o Selmer group in some cases but
the di erence bet een this and the classical Selmer group ill not have an
e ect on the results o this paper see 2 or details on h this de nition
is not enough in some cases .
n general and are too big to be dealt ith e-
ectivel . et be a set o primes o containing the primes above
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the rami ed primes o the in nite primes and the rami ed primes o
For these acts triviall on . So om

and er means is trivial. his tells us that

actors through an e tension not rami ed at . is the ma imal

e tensiono  unrami ed outsideo  then and the Selmer group

can be de ned as the ernel o the map:

2
is in nite and some primes o are in nitel decomposed in
then the product o local cohomolog groups ma still be too large to deal
ith. n particular i 2 then e have to orr about the in nite
primes. For each nite sube tension o e de ne
then de ne
lim
ere the the direct limit is ta en over all nite sube tensions o . e
ill suppress the rom the notation henever possible. t is
clear that the image o in isin so e

can replace the one b the other in our de nition o Selmer groups.
Similar methods are used to deal ith nite primes that split completel
but e ill avoid that situation in this paper b restricting our attention
to the ¢ clotomic -e tension.
t ill also be use ul to loo at a strict Selmer group. e de ne this

strict Selmer group not onl or  but or an submodule o . tis
denoted b and is de ned as the ernel o the map:
ote that is a subgroup o
elet then actson through inner automor-
phisms on al . lso or each acts on
as ollo s. For each let be the image o in . e a
then is ust the -module induced rom the -module
t ollo s that is a -module. similar argument

sho s that all o the strict Selmer groups are -modules. t turns out
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that these Selmer groups are co nitel generated as -modules. n man
cases it is believed that the are also cotorsion and e ill o ten ma e that
assumption.

ence orth ill be the ¢ clotomic -e tension o . e have

de ned the Selmer group o to be a subgroup o con-
sisting o coc cle classes hich satis given local conditions. has a
nite -submodule then e can loo at the strict Selmer group
he natural map rom to has

a nite ernel and it gives rise to map rom to hich
also has a nite ernel. Since is nite the image o ill be
-torsion o bounded e ponent. it is in nite it ill orce to

have a positive g-invariant. n this section e ill loo closel at the local
and global cohomolog groupso  and use these observations to stud the
e ect that nite submodules can have on the p-invariant o

First e need some notation. et be an -submodule o . For
each nite prime let
For the in nite primes de ne as in the previous section. For the

prime de ne:

0 given a nite set 0 primes e de ne:
ith this notation the strict Selmer group is the ernel o the
map rom to .
estart b stud ing the local cohomolog groups. et bea nite -
module o si e . From the in ation restriction e act se uences:
e can conclude that isaco nitel generated -module. lso

has nite e ponent because is nite. he
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are bounded as so e can stud the p-invariant b stud ing the
gro th o the S.

For this e use uler characteristics see . For a prime o
above in e have:
SO
and ate dualit tells us that . hese

s are nite so

2
e can conclude that or an -submodule g ord
ord e set .
For here isa nite prime other than . et bea nitee tension
0 . e have:
ecause primes above are nitel decomposed in the ¢ clotomic -
e tension e get u
For there are places o above . Since is unrami ed
in or an . e conclude that u
ote that thisis i isoddori is comple .
Putting ever thing together e have:
n ord : ord
I
W
o e stud the structure o here is a nite set
o primes containing and . s above e have calculations o uler

characteristics and the in ation restriction e act se uence:
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he are bounded as goes to in nit and
is a nitel generated torsion -module. e stud the p-invariant o
b stud ing the gro th o the
his is the ormula or the global uler characteristic:

here ord ord . So:

For odd it is enough to note that this implies that

2 e have to ta e the into account. tis no n that
the map

is onto see . lIso since al is ¢ clicand is nite e have

hen:
7 ord 7
e get:
o
ord ord o 2
o let bea nite -submodule o . De ne b the

e act se uence:
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ver term in the e act se uence has nite e ponent so the are all -
cotorsion. t ollo s that the alternating sum o their p-invariants is
From lemmas 2. and 2.2 e get:

u ord ord
W W ord
ord W
ord ord W 22
e de ne as the co ernel o the map .
Clearl is a wuotient o . o consider this commutative
diagram:
2
From this e can see that er maps into . he long e act se-
uence in cohomolog arising rom sho s that er is
nite. husthe ernelo the map rom er is nite. e conclude
that p @ er . For each in nite place o de ne the map
: tis clear that yu er ord er
et ord er
For a nite -submodule o de ne
ord ord 2
resp. e call critical resp. supercritical subcriti-
cal .
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uation 22 together ith the subse uent discussion about

tells us that u . o maps to ith
nite ernel and m is a subgroup o . ts Pontr agin dual
corresponds to a uotient o . he act that u tells us
that has a uotient ith a p-invariant o at least . he result
ollo s. 1
hen 2 e have to deal ith the e tra actors .t is nice
to be able to include 2 in our results but there seems not to be a ver
elegant a o describing this actor. e should note that can also
be thought o as the po er o  dividing the order o the image o the
natural map . ither interpretation re uires that
e understand ho sits inside o . he motivation o this or is to

learn about b stud ing its nite submodules. e ouldli e to simpl
treat asamoduleb itsel and orget about the act that it is a submodule
o0 . nman cases e can nd the b loo ing at ho acts on

and ecan nd or in niteb stud ing the action o comple
con ugation but e cannot nd or a submodule ithout loo ing
outside 0 to . hus some o our methods ill not appl to the case

hen 2.

re nement o the ideas used in the proo o theorem 2. lead to this

theorem due to Perrin- iou:

his asoriginall provedb Schneider or abelian varieties then Perrin-
iou generali ed the proo so that it or ed or an ordinar alois repre-
sentation. e should note here that her proo is or odd primes but it is

not hard to see ho to generali e it to 2 no that e have determined
the appropriate de nition or in the 2 case.
ote also that theorem 2.2 implies theorem 2. but that the assumptions
on and are not needed or the proo o 2. .
o let us ma e some important basic observations about . he rst
is that is additive in e act se uences.
For each in nite place o e denote the ma imal divisible subgroup

0 b and b
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2
e rst need this lemma:
2
2
o lemma . First the se uencesin 2 . e identi ith its
imagein . ote that the se uence is
e act. e have and . Since it is
clear that in ects to . lso given
2
has an inverse image because mapsonto . Iso because
. So and the map rom to is onto.
actness in the middle is eas to chec .
For a comple prime and similarl or and  so there is

nothing to prove. For a real prime e note that ehave ane act se uence:

because and are divisible. herest ollo s ust asin the caseo

a prime above . his proves the lemma. |

o e prove the theorem. he lemma tells us that

ord : ord : ord
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and that
ord ord ord 2
is odd then or an module and e are done. For
2 eneed to do some more or . Denote b and
b . e can vie as ord here is de ned b this
e act se uence:
ere the s are the ate cohomolog groups isomorphic to

. Since ever term in this e act se uence is nite e have:

ord ord ord

e conclude that

ord ord ord ord
here are corresponding e uations or and . a ingthe alternating sum
o these e uations or each ields:
ord ord ord
ord ord ord

the last e ualit is a conse uence o the lemma.

Summing over the in nite primes e have the theorem. |

he ne t observation:
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Clearl 2. For 2 let be the submodule satis ing the
condition in 2. e consider this e act se uence o submodules o

e cannot appl theorem 2. to this e act se uence because all o the
submodules are submodules o . ut the proo o the theorem can be
easil modi ed to sho that is additive or this ne e act se uence. t
is clear that multiplication b ill map onto itsel or all . he
same is true or the . Follo ing the argument in the proo o lemma 2.

e get e act se uences:

and

ith these e can simpl cop the proo o lemma 2. . Since isodd this
is all e need to prove that .
then either or . ither a ehavea
submodule hose e ponent is smaller than that o  and . e
can repeat this process until e reduce the e ponent to
ith the e tra h pothesis theorem 2.2 applies to . n this case i

satis es then there is an isogen such that the p W
heorem 2.2 sa s that the ernel o this isogen ill satis
L Iz

So  satis es condition 2. Conversel i satis es condition 2 ith sub-
module  then ill be isogenous to ith a lo er p-invariant. |

his theorem is use ul because it allo s us e ibilit in stud ing p-
invariants. heorems 2. and 2.2 ma e 2 the most natural condition or
to have a non-minimal g-invariant. n the other hand in e plicit e amples
itiseas toloo or supercritical subgroupso b e amining hich

e can treat as a -representation over . his ma es the most
convenient to or ith. hee uivalence o and 2 assures us that e are
not missing submodules ith positive -invariants b e amining onl

lthough the theorem o Perrin- iou can be e tended

to or or 2 this proo o heorem 2. does not easil generali e.
he a edealt iththe parto inthe proo o heorem 2. does not
or orthee actse uence e usein . his tsin ith the notion that
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loo ing at the submodule b itsel does not give us enough in ormation
in the case hen 2.

ur ne t observation is:

dim dim
ecause the are divisible it is clear that
so that ord dim . Similarl ord
dim or real . is odd then e are done.
2 e see that:

ord ord ord
because ts into the short e act se uence . ere
again is the ate cohomolog group . 0 e
have that ord ord . his proves the theo-
rem. |

Sometimes e ill re er to simpl as
e t e point out hat happens hen . e have:

satis es the h potheses o theorem 2 2 then that theorem implies that
e can conclude:

e are mainl interested in  such that is critical. e have such
an ith a submodule then let . e have an e act se uence
et is a submodule 0o . e thin o as the ernel o

an isogen then is the ernel o the dual isogen . Since and
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adds in e act se uences e conclude that . n particular
i has a subcritical submodule then has a supercritical submodule
and hence a positive py-invariant. his ill provide us ithaneas a o
nding s ith positive py-invariants.

n this section e ill modi our notation slightl to ma e it clear
hich eld eare or ingin. et

ord ord

iven a eld e tension and a  -module e can restrict to get
a -module . tis natural to onder hat e ect restriction has on
the properties o the Selmer groups.

n the other hand i e start ith a representation  and a
invariant lattice = then or an sub eld o e can orm a repre-
sentation nd b inducing wupto . e alsoget alattice nd

let nd nd nd . ecan de ne a ltration
nd or the induced representation as ollo s. et be a prime
above in and let be the primes o above . Choose primes
0 above each o the and let be the decomposition subgroup
o or and or each let be the decomposition subgroup o
or . Foreach e can orm the -module nd
is an element o that sends to  then actson b
sing this ecanma ea -module nd .t
is eas to chec that this Itration ill have the desired properties as long
as is unrami ed in . is not ordinar at  but onl has distin-
guished subspaces then e can de ne distinguished subspaces o the
induced representation in a similar manner. is rami ed in then
e can still de ne the distinguished subspace nd as above but
it should be noted that these no longer come rom a ltration the inertia
groups don t act on them in the right a .

he ollo ing theorem sho s that the induced representations ill be a

use ul tool or stud ing Selmer groups:

nd
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nd

Since e can identi ith and
al ith al . hen Shapiro s lemma tells us that

nd

as -modules.

For the local actors or each prime above in let
be the primes o above . For each e choose a prime o and
let be the decomposition groups or the in and the
decomposition group in . Similarl to hat e did above oreach e
de ne nd and then nd . t ollo s that

nd

as -modules.
For nd or the appropriate de ned

above. he result ollo s. |

nd

is odd then 7 7 and
nd W nd W nd so e are done.
2 then e haveto orr about . heresult ollo sbecause the
isomorphisms o the theorem ill commute ith the maps
and nd nd . |

o) e ill prove t o general theorems about induced representations
and supercritical subgroups hich ill be help ul or stud ing elliptic curves.
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et bea -submodule o . Consider the map rom
to de nedb . he ernel o this map is contained in and
its image is contained in . n the other hand the ernel is contained in
hich is in b the h pothesis so the map is in ec-
tive. e have an in ection rom into . hus can
have no supercritical subgroups. heorem 2. tells us that can have no

supercritical submodules. |

nd
e no that nd here  is the per-
mutation representation o on the coset space having coe -
cients in . Iso it is not hard to chec that nd
So an element o nd is o the orm
ith . Con ugating such an element gives
Since none o the are in cannot be in
nd . So nd satis es the h pothesis 0 theorem .2

or ever . |

his allo s us to prove the ollo ing result about the e ect o restriction
on man elliptic curves. iven an elliptic curve and a prime let denote

the representation o de ned b the action on
e a prime o over e no that es
s varies over primes above ill var over con ugate
subgroups o and ill var over con ugate subspaces o
n the case here all o the subspaces o

are con ugate and so an subspace (6] can occur as an
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nce e anin nite prime ecanchoosea above sothat is
neither nor . hen satis esthe condition o theorem . and
nd has no supercritical submodules or an A |

n the other hand restriction does produce subcritical submodules in

this case. e restrict to a eld containing an subspace is a
module o iven a subspace o since
is totall comple and ord : 2. o calculate the
other term o e aplace in  then:
ord ord

here runs over a set o coset representatives o .
then e no that runs over all the subspaces o

e see that:
;
d .
or other ise
so e have ord ——. hen
2
iven a subcritical submodule e can per orm the corresponding
isogen : and the resulting elliptic curve ill have a pos-
itive p-invariant.  ote that this ne elliptic curve ill be de ned over
and not . s e noted in the introduction this ma es it ver

eas to nd elliptic curves ith positive p invariants. t is clear that e
can ma e the y-invariant as bigas e antb ta ing large enough.

eneed a a to organi e the in ormation e get rom all o the nite
submoduleso . sogenies are maps hich have nite ernels. here
is a one to one correspondence bet een the ernels o isogenies and nite
submodules o

e call an isogen reduced i it cannot be ritten as or
another isogen . e rite an isogen as ith reduced then
e illreerto asthereductiono . is the ernel o e illreer

to the ernel o  as the reduction o
et  denote the set o the ernels o the reduced isogenies o . ote

that ever is a submodule o
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Suppose that isin nite. here are onl nitel man proper

nontrivial subspaces o and there are in nitel man . here
must be a proper nontrivial subspace o such that or
in nitel man .

e t there are onl nitel man subgroups o ith e ponent

and . here are in nitel man ith so there
must be a 0 e ponent ith and
or in nitel man

e can repeat this process getting or each a ith e ponent
such that and orin nitel man )

ill be a proper -submodule o ith positive  -coran

this contradicts irreducibilit . |

n the case here is irreducible and theorems 2. and 2.
sho usthati then er er . Since onl depends
on the reduction o e can de ne:

ma er 2

e ant to be able to appl our results to induced representations hich
are o ten reducible. e need to be sure that is de ned or a ider
variet o S.

ma er
iven such a choose a  and let be the corresponding
. Suppose that is in nite. hen there is a se uence o nite
submodules 0 such that . e can use a pigeonhole
argument li e the one in the proo o theorem . to nd a subse uence
o the s hich is contained in or some irreducible sub-
representation o .
Since istotall reducible ecan rite then consider the
lattice and let . here is an isogen
rom to hose ernel is . Call this isogen . ach
isogen o gives an isogen o b pullbac . ach in our subse-
uence gives us a . nd the are unbounded. Since  is irre-

ducible the comments a ter theorem . tell us that
o consider the isogen
and let denoteits ernel. n the one hand but
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on the other hand ; and ere -cotorsion
then theorem 2.2 ould impl that p 4 . his cannot happen so

is nite. |

is de ned over then e have an interesting situation. e can
loo at asa -module or e can loo at the -module nd

s long as e no that . e
can learn about the p-invariant o b loo ing at either o these Selmer
groups.

For ever submodule o nd has a submodule nd . n
the other hand there are o ten submodules 0 nd that do not arise in
this manner. e need to ta e this into account. nd has a super-
critical subgroup that does not come rom a -submodule o then

and there ore ill have a positive y-invariant. e
might not have ound this y invariant b loo ing at nite submodules
0

n act or an intermediate eld i nd has a submodule
then nd nd nd ill have the nite submodule nd
t is o ten easier to stud nd or some than it is to stud nd

et us ma e the ollo ing de nition to organi e this in ormation:

iven a -module and a eld . Consider
the set here ranges over nite submodules o0 nd
this set is bounded above e de ne

n general induced representations ma not be as ell behaved as e

ouldli e. ut theorem . assures us that ill be de ned as long
as is totall reducible and and are -cotorsion.
Since or an submodule o nd induces a submodule o
nd it is clear that implies .
ote that is the de nedin 2. o let ussee ho the
behave:

nd
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et be a nite -module o nd and let nd
be the inverse image o  under the isogen o nd hose ernel is
nd . e have the e act se uence:
nd
e appl theorem 2. and e have nd . Since
nd this gives . Since
e have . s evar overthe ernelso all
isogenies 0 nd e get . n the other hand
i echoose nd such that and let nd
e get SO . he theorem ol-
lo s. |
Choose a submodule such that . henlet
|
So e see that assuming that and are -cotorsion
all o the behave the same as 4 under isogen . e also have the
ine ualities T e choose a in the isogen class
o  such that then ill have the minimal p-invariant in the
isogen class. n ortunatel it can happen that is strictl greater
than or appropriate and . his seems to be uite rare.
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