Contemporary Math - Worksheet אo – NAMES:
The story “Welcome to the Hotel Infinity!” is partly an extended allegory to Cantor’s concepts of cardinality, one-to-one correspondence, and the notion of the countably infinite.

For instance, when in the story “Sam Cantori” asks all hotel guests to “move to the room whose number is exactly one greater than the number you are in,” it illustrates the one-to-one correspondence between {1,2,3,…} and {2,3,4,…}.  

1) Draw a correspondence diagram (ovals containing the members 1,2,3,… and 2,3,4,… and some connecting lines) for this correspondence.

When the tour bus arrives and “Mr. Cantori” tells the guests:

“Please look on the outside of your door and copy your room number down on a piece of paper. … Now, everyone, please multiply that number by 2. … That's your new room number, folks,”

…it illustrates a one-to-one correspondence between the natural or counting numbers and the positive even numbers.  

2) Draw a diagram below for this correspondence.


Here’s a correspondence that’s hinted at in the story:  Suppose that two tour busses arrive simultaneously (only two, not infinitely many).  Now Mr. Cantori could just carry out the process above twice, one after the other, but that would require the guests to do lots of moving around.  To reduce the moving about, Mr. Cantori could instead tell everyone already in a room to multiply their room number by three and move to that room.  Passenger number 1 on the first bus can be sent to room 1 (which is 3*1-2), passenger number 2 on the first bus can be sent to room 4 (which is 3*2-2), and so on.  

3) In the diagram below, draw where the current guests and the passengers on the first bus would go (save the passengers on the second bus for later).  
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3b) In general, the nth passenger on the first bus goes to room #____ (give a formula).

3c) Now that all the passengers from the first bus have been checked in, how many rooms are still open?____________

3d) In what room do you think we should put passenger number 1 from the second bus?_____

Passenger number 2 from the second bus?____

Passenger number 3 from the second bus?____

How about the nth passenger from the second bus? (give a formula) _________

4) Let’s go back to the first type of correspondence: When one new guest arrives, we can use the correspondence in problem (1).  If two, or five, or 23 new guests, we can use something similar.  How would you have the guests move (what would you say on the loudspeaker) to free up five rooms?

5) Now here’s a difficult question, based on something that came up in class Monday:

Why can’t Mr. Cantori use a correspondence like the one in (4) when a tour bus arrives (with infinitely many passengers), but instead has to use a correspondence like the one in (2)?  Hint: Think about what he’d have to say into the loudspeaker; he’d prefer to make only one announcement.


6) One day, the Hotel Infinity is full, but at noon all the guests in odd-numbered rooms check out.

a) What is the cardinality of the set of guests who checked out?

b) What is the cardinality of the rooms still occupied?

c) A week later, the hotel is again full, and at noon all the guests in rooms numbered 43 and above check out.  What is the cardinality of the set of guests who checked out?

d) What is the cardinality of the rooms still occupied?

e) Describe in a few sentences why the above seems paradoxical – what is the “problem” here?

